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For integers k 2 1 and m 2 2 a (k, m)-colouring of a graph G is a colouring of the vertices of 
G in k colours such that no m-clique of G is monocoloured. The mth chromatic number x,,,(G) 
of G is the least k for which G has a (k, m)-colouring. A graph G is uniquely (k, m)-colourable 
if xm(G) = k and any two (k, m)-colourings of G induce the same partition of V(G). We prove 
that, for k 2 2 and m 3 3, there exists a uniquely (k, m)-colourable graph of order n if and only 
if n 2 k(m - 1) + m(k - 1). In the process, we determine the only uniquely (2, m)-colourable 
graph of order 3m - 2 and describe the structure of all the uniquely (k, m)-colourable graphs of 
order k(m - 1) + m(k - 1). 
1. Introduction 
All graphs considered in this paper are finite and simple. For undefined 
concepts we refer the reader to [l]. Following Sachs (see [S]) we define, for an 
integer m 2 2, an m-admissible colouring of a graph G as a colouring of the 
vertices of G such that no m-clique of G is monocoloured. The mth chromatic 
number of G, denoted by xm(G), is the least number of colours with which G can 
be m-admissibly coloured. Obviously, x2(G) = x(G), the chromatic number of G. 
The sequence x2(G), x3(G), . . . of generalized chromatic numbers of G is 
characterized in [3]. 
An m-admissible colouring of a graph in k colours is called a (k, m)-colouring. 
A (k, m)-colouring of a graph G in 1, . . . , k induces a partition of V(G) into 
colour classes VI, . . . , V,. A graph G is called uniquely (k, m)-colourable if 
xm(G) = k and any two (k, m)-colourings of G induce the same partition of 
V(G). The subgraph of G induced by the colour class r/: will be denoted by G,, 
and the graphs G,, . . . , Gk will be called the colour subgraphs of that particular 
colouring. Thus a uniquely (k, m)-colourable graph has a unique set of colour 
subgraphs { Gi, . . . , Gk} with respect to (k, m)-colourings. 
Uniquely (k, 2)-colourable graphs are usually simply called uniquely k- 
colourable graphs. The smallest uniquely k-colourable graph is the complete 
graph Kk. However, for k 3 2 and m 2 3 no complete graph is uniquely 
(k, m)-colourable. In this paper we prove that, for k Z= 2 and m L 3, there does 
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not exist a uniquely (k, m)-colourable graph of order less than k(m - 1) + m(k - 1). 
We also prove that the graph U,,, = (k - 1)C2m_-1 + K,._, is a uniquely (k, m)- 
colourable graph of order k(m - 1) + m(k - 1). (Here G + H denotes the join of 
G and H which is obtained by joining every vertex of a copy of G to every vertex 
of a copy of H.) Furthermore, U 2,m is the only uniquely (2, m)-colourable graph 
of order 3m - 2. For k 2 3 there are several uniquely (k, m)-colourable graphs of 
order k(m - 1) + m(k - l), but each of these is a subgraph of U,,,, and has the 
same set of colour subgraphs as U,,,. 
A graph G is called (k, xm)-critical if xm(G) = k and xm(G’) < k for every 
proper subgraph G’ of G. As mentioned in [6], the concept of criticality is, in a 
certain sense, the opposite of that of unique colourability. For this reason it is 
interesting to compare these results on uniquely (k, m)-colourable graphs with 
corresponding results on (k, X,,J-critical graphs obtained in [2]. It is proved in [2] 
that the smallest (k, X,)-critical graph is the complete graph K~k--l)(m_-l)+l. Also, 
there does not exist a noncomplete (k, X,)-critical graph of order less than 
k(m - 1) + 2, and the graph C,,,,,, + K~k_-3~~m_-l~+~m--2~ is the only (k, Xm)-critical 
graph of order k(m - 1) + 2. 
We also prove in this paper that, for every integer n 2 k(m - 1) + m(k - l), 
there exists a uniquely (k, m)-colourable graph of order IZ. A corresponding 
result for (k, X,)-critical graphs is not known. 
2. Preliminary results 
The vertex covering number a(G) is the least number of vertices in a set that 
covers all the edges of G; the vertex independence number /3(G) is the largest 
number of vertices in an independent set and the clique number o(G) is the 
largest number of vertices in a clique of G. These numbers are related as follows: 
Lemma 1. (i) a(G) + P(G) ‘p(G). 
(ii) w(G) = B(G). 
Let n be a natural number. A graph G will be called (n, a)-critical if cu(G) = n 
and m(G’) < n for every proper subgraph G’ of G. The proofs of our main results 
rely heavily on certain results concerning (n, a)-critical graphs. These results also 
played a major role in proving corresponding results about (k, X,)-critical graphs 
(see [2]). The first of these is due to Erdos and Gallai (see Result 4.8 of [4]). 
Theorem A. Zf G is an (n, &)-critical graph then p(G) s 2n, with equality only if 
G = nK,. 
A graph G will be called (n, o)-saturated if o(G) = n and w(G*) > n for any 
graph G* obtained from G by adding a new edge to G. The maximum degree 
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(minimum degree) among the vertices of G is denoted by A(G) (6(G) 
respectively). Hajnal proved the following result in [5]. 
Theorem B. Zf G is an (n, w)-saturated graph then either A(G) =p(G) - 1 or 
6(G) 3 2(n - 1). 
If G is an (n, a)-critical graph, then it follows from Lemma 1 that its 
complement G is (p(G) - n, o)-saturated. Since an (n, a)-critical graph contains 
no isolated vertices, Theorem B can be restated for (n, cw)-critical graphs. (See 
also Theorem 3 of [7]). 
Theorem C. Zf G is an (n, a)-critical graph then A(G) s 2n -p(G) + 1. 
Corollary 1. Zf G is a connected (n, a)-critical graph of order 2n - 1 then 
G = C2n--1. 
We say that we identify two vertices x and y of a graph G if we delete x and y 
and replace them by a new vertex which is adjacent to all the vertices that were 
adjacent to x or y. An elementary homomorphism of a graph G is a mapping Q, 
from V(G) to V(H), where H is the graph obtained from G by identifying two 
nonadjacent vertices hI and h2 of G to a vertex h, and v(x) = x for all x # hl, h2, 
while q(hJ = q(h,) = h. A homomorphism is the composition of a sequence of 
elementary homomorphisms. 
We define a graph G to be (n, w)-replete if o(G) = n and w(g7(G)) > n for 
every elementary homomorphism Q, of G. If H is a subgraph of G‘, we shall 
denote (V(B)), by &. We shall need the following result: 
Theorem D. Zf G is an (m - 1, w)-replete graph of order less than 2m - 1, then 
A(G) =p(G) - 1. 
Proof. If p(G) = m - 1 then G = K,,_i, and the result follows. We may therefore 
suppose that p(G) = m - 1 + r with 1 s r <rn - 1. It follows from Lemma 1 that 
(u(G) = r. The graph G therefore contains an (r, cu)-critical subgraph H. By 
Theorem A, either H = rK, or p(H) < 2r. 
Suppose H = rK2. Then w(Z&) < w(H) =p(H) - a(H) = r and o(G - 17jc) s 
p(G - Z&) = m - 1 - r. Let h, and h2 be any two nonadjacent vertices of 8, and 
let Q, be the elementary homomorphism of G which identifies hI and h,. Then 
o(Q~(G)) c 1 + o(l;l, -h, -h,) + o(G -Z&) 
Cl+r-l+m-l-r 
=m-1. 
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This contradiction proves that p(H) < 2r. Since p(G) 2 2r, this implies that 
Hf G. Let h =p(H). Then o(Z&) < w(H) = h -r, and o(G - fi,) urn - 
1 - (h - r) =p(G - fro), which implies that G - fi, is a complete graph of order 
m - 1 - h + r. Let x be any vertex of G - fit. (Note that V(G - &) is not 
empty since H # G.) Then w(G - & -x) = m - 2 - h + r. Suppose there is a 
vertex y in G --x that is not adjacent to x, and let QX be the elementary 
homomorphism of G which identifies x and y. Then 
w(v(G)) s 1+ w(G - I?, -x) + w(ti,) 
=l+m-2-h+r+h-r 
=m-1 
This contradiction proves that x is adjacent to every vertex of G -x, and hence 
that A(G) =p(G) - 1. •i 
We remark that the condition “p(G) < 2m - 1” cannot be replaced by 
“p(G) c 2m - 1” in Theorem D: The graph C2,,-i proves our point. 
A very simple result, which can be of great value when constructing 
(k, m)-chromatic graphs, is the following: 
Lemma 2. If G is the graph Kk~m--l~+l -e then x,,,(G) = k and, in every 
(k, m)-colouring of G the two vertices incident with e receive the same colour. 
Proof. It is easy to prove that xm(G) = k. Now let c by any (k, m)-colouring of 
G. Let a and b be incident with e and let d be the restriction of c to G - a. Since 
G - a is a complete graph of order k(m - l), the clique number of each colour 
subgraph of d is m - 1. Since a is adjacent to every vertex of G - a except b, it 
follows that c(a) = c(b). q 
We shall need the following results concerning uniquely (k, m)-colourable 
graphs. 
Lemma 3. If k 3 2 and m 3 2 and G is a uniquely (k, m)-colourable graph with 
colour subgraphs G1, . . . , Gk, then: 
(i) O(Gi) = m - 1 for i = 1, . . . , k. 
(ii) The subgraph of G induced by any r of the k colour classes is uniquely 
(r, m)-colourable. 
Proof. (i) Since the colouring under consideration is m-admissible, o(Gi) < 
m - 1 for i = 1,. . . , k. NOW suppose W(Gi) < m - 1 for some i. Choose any i #i 
and let x be a vertex of Gj. By colouring x with i instead of i, a (k, m)-colouring 
of G, different from the original one, is obtained. 
(ii) If this graph has two distinct (r, m)-colourings, then these can be extended 
to two distinct (k, m)-colourings of G. 0 
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Lemma 4. Zf m 2 3 and G is a uniquely (k, m)-colourable graph with colour 
subgraphs G,, . . . , Gk then A(Gi) = p(G,) - 1 for at most one i. 
Proof. Suppose that A(Gj) =p(G,) - 1 for i = 1, 2. Let xi be a vertex of degree 
p(Gi) - 1 in Gi for i = 1, 2. Then o(G, -xi) = w(G;) - 1 = m - 2 for i = 1, 2. By 
interchanging the colours of xi and x2 one produces a (2, m)-colouring of the 
subgraph of G induced by V(G,) U V(G,) with a set of colour subgraphs different 
from {G,, G,}. By Lemma 3(ii) this is a contradiction. 0 
Our final result of this section is a generalization of Theorem 3 of [6] (with 
essentially the same proof). 
Lemma 5. Zf G is a uniquely (k, m)-colourable graph and Q, is a homomorphism 
of G such that x~(Q)(G)) = k, then q(G) is also uniquely (k, m)-colourable. 
3. Main results 
We recall that the graph ZJ,,, has been defined as (k - l)&,_, + KM_,. 
Theorem 1. For every k a 1 and m 3 2 the graph U,,, is uniquely (k, m)- 
colourable. 
Proof. Throughout this proof we will refer to U,,, as A, + . . . + Ak_, + B where 
B=K,,_, and, for each r=l,..., k- 1 we have A,= C2,,_1 and V(A,)= 
{a;, . . . , a;,,_,} with consecutively numbered vertices (modulo 2m - 1) of A, not 
adjacent in A,. 
First we prove that xm(Uk,,) = k. Since o(B) = w(A,) = m - 1 for each 
r=l,..., k - 1, it follows that w(U~,~) = k(m - l), and hence x~(U~,~) 2 k. 
But xm(Uk,,) d k because a (k, m)-colouring of U,.,, can be constructed by 
colouring each vertex of A, with colour r for r = 1, . . . , k - 1, and colouring each 
vertex of B with colour k. 
Next we prove that the colouring constructed above is the only (k, m)- 
colouring of U,,,. Let F be the subgraph of U,,, induced by 
{a;} U {a:, ai, . . . , a:,_,} U {a:, a:, . . . , aiim_2} U. . . 
U {a;-‘, &‘, . . . , a$;12} U B. 
Then F = Kk(,,--lj+l - e where e = ata:. It therefore follows from Lemma 2 that, 
in any (k, m)-colouring of F the vertices ai and u: have the same colour. 
Similarly, one can prove that any two consecutively numbered vertices of A, have 
the same colour, and hence that each A, is monocoloured, r = 1, . . . , k - 1. 
Hence the remaining colour goes to B and the result follows. 0 
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For k = 2 we have the following result: 
Theorem 2. If m 3 3 then: 
(i) There does not exist a uniquely (2, m)-colourable graph of order less than 
3m-2. 
(ii) The graph II,,, is the only uniquely (2, m)-colourable graph of order 
3m-2. 
Proof. (i) Suppose, to the contrary, that G is such a graph. We may assume that 
p(G)=2m-2+r with 1 <r < m - 1. Since G has a (2, m)-coloring, w(G) < 
2m -2, and so Lemma 1 gives cu(G) =p(G) - p(G) =p(G) - w(G) ar. The 
graph G therefore contains an (r, cu)-critical subgraph H. We consider two cases. 
Case 1. H=rKz. In this case p(G -I&) = 2m - 2 -r urn - 1. A (2, m)- 
colouring of G can be constructed as follows: Choose any m - 2 vertices of 
G - fi, and colour these, together with any two nonadjacent vertices h, and h2 of 
ETic with colour 1. Since w(fiG - h, - h2) s r - 1, all the vertices of & - h1 - h,, 
together with the remaining m - r vertices of G - & can now be coloured with 
colour 2. Since m 2 3, this colouring is not unique. 
Case 2. H # rK,. In this case it follows from Theorem A that p(H) < 2r, and 
hence that p(G-&)>2m-2-ram-l. Let p(H)=h, then IX(&)< 
w(I?)=h-rsr-lcm-2. Notethat lsm-l-(h-r)<m-2, sinceh>r. 
In this case a (2, m)-colouring of G can be constructed as follows: Choose any 
(m-l)-(h- ) r vertices of G - HG and colour these, as well as all the vertices 
of fi,, with colour 1. Colour the remaining m - 1 vertices with colour 2. Clearly, 
this colouring is not unique. 
(ii) First we prove that every uniquely (2, m)-colourable graph of order 3m - 2 
is a subgraph of U,,,. Suppose F is a uniquely (2, m)-colourable graph of order 
3m - 2. Using similar arguments as in the proof of (i), one can prove that F 
contains an (m, cu)-critical subgraph H. If H = mKz, a (2, m)-colouring of F can 
be constructed by colouring the m - 2 vertices of F - I&, together with any two 
non-adjacent vertices of l?, with colour 1 and the remaining vertices with colour 
2. Clearly, this colouring is not unique. This contradiction, together with 
Theorem A, implies that p(H) <2m. Let p(H) = h and suppose h s 2m -2. 
Then p(F-I?,)zm and o(fiF)Sh-mGm-2. Note that lam-l- 
(h-m)<m-2, since m=a(H)sh-1. Now choose any m-l-(h-m) 
vertices of F - I?, and colour these, together with all the vertices of fiF, with 
colour 1, and the remaining m - 1 vertices with colour 2. This (2, m)-colouring is 
not unique, which proves that p(H) = 2m - 1. 
Suppose H is disconnected, say H = H’ U H2, where H’ and H2 are disjoint 
subgraphs of H of order h, and h, respectively. Then @(pi) <rn - 2 for i = 1, 2 
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since /3(H’) + /3(P) = /3(H) = m-l. Then lam-l-o(Hk)~m-2. Now 
colour the vertices of Hi, together with any m - 1 - w(fik) vertices of F - I?, 
with colour 1, and colour the vertices of fig and the remaining m - 1 - o(ti$) 
vertices of F-fir with colour 2. (Note that hi + h2 + (m - 1 - o(Hk)) + 
(m - 1 - o(R:)) = h + 2m - 2 - o(RF) = 3m - 2.) This (2, m) - colouring is, 
clearly, not unique, which proves that H is connected. 
We have now proved that H is a connected (m, a)-critical graph of order 
2m - 1, and hence, by Corollary 1, we have H = C2m--1. Since U,,, is obtained 
from the complete graph K3m--2 by deleting the edges of a cycle of length 2m - 1 
(because U,,, = Czm-i + Km_,), this proves that F is a subgraph of U,,,. 
Next we prove that no proper subgraph of U 2 m is uniquely (2, m)-colourable. 
We will refer to U,,, as A + B where A = c, B = K,_, and V(A) = 
{aI,. . * 7 u~~-~} with consecutively numbered vertices (modulo 2m - 1) of A not 
adjacent in A. 
Suppose S = U,,, - e. We distinguish three cases, and construct in each case a 
(2, m)-colouring of S with a set of colour subgraphs different from {A, B}. 
Case 1. e = bib2 with bI, b2 E V(B). Colour a, and all the vertices of B with 
colour 1, and colour a2, . . . , a2m_1 with colour 2. 
Case 2. e = a,b with b E V(B). The same colouring as in Case 1 can be used. 
Case 3. e=alai with 3GiS2m-2. If i is odd then ~(({a,,...,a,}))= 
(i - 1)/2 and w(( {ai+i, . . . , a2m_1})) = (2m - 1 - i)/2. Colour the vertices 
4, . . . , ai together with any m - 1 - (i - 1)/2 vertices of B with colour 1, and 
colour the vertices Ui+lp . . . , a2m-1 together with the remaining (i - 1)/2 vertices 
of B with colour 2. 
If i is even, colour the vertices a2, . . . , Ui-1 together with any m - 1 - (i - 2)/2 
vertices of B with colour 1, and the vertices ai, . . . , u~~_.~, a, together with the 
remaining (i - 2)/2 vertices of B with colour 2. 0 
Using the same method as above we can prove that for k 2 2 and m 2 3 the 
order of a uniquely (k, m)-colourable graph is at least k(m - 1) + m. However, to 
prove that the order of such a graph is at least k(m - 1) + m(k - l), a different 
technique seems to be required when k > 2. 
Theorem 3. If k 3 2 and m 2 3 then: 
(i) There does not exist a uniquely (k, m)-colourable graph of order less than 
k(m - 1) + m(k - 1). 
(ii) Every uniquely (k, )- 1 m co ourable graph of order k(m - 1) + m(k - 1) is a 
subgraph of U,,,,,, and one of its colour subgraphs is isomorphic to K,,_l, while 
each of the others is isomorphic to C2m-1. 
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Proof. Suppose G is a uniquely (k, m)-colourable graph of minimum order. Let 
Gr, . . . , Gk be the colour subgraphs of G. Then w(Gi) = m - 1 for i = 1, . . . , k 
by Lemma 3(i). For a given i, suppose Q, is an elementary homomorphism of G;. 
Then Q, can be extended to an elementary homomorphism @ of G by mapping 
each vertex of G - Gi onto itself. If o(q(G,)) = m - 1, then xm(@(G)) = k and 
hence, by Lemma 5, the graph @i(G) . IS a uniquely (k, m)-colourable graph of 
order less than p(G). This contradicts our assumption, which proves that 
O(V(Gi)) = f m or every elementary homomorphism q of every Gi. Hence G, is 
(m - 1, @)-replete for i = 1, . . . , k. 
Now suppose p(G,) 2 m for each i = 1, . . . , k. It follows from Theorem 1 that 
y(G) ~~(&,m) = (k - I)(2 m - 1) + m - 1, and hence at least two of the Gi, say 
G, and G2 have order less than 2m - 1. But then G, and Gz satisfy the conditions 
of Theorem D, and hence A(G,) = p(Gi) - 1 for i = 1, 2. This contradicts Lemma 
4 and hence there is a j such that p(G,) <rn - 1, and hence G,= K,,_,. For any 
given i #j let G, be the subgraph of G induced by the i-coloured as well as the 
j-coloured vertices. By Lemma 3(ii) the graph G;j is uniquely (2, m)-colourable, 
and hence P(G,~) 2 3m - 2 by Theorem 2(i). Hence p(G,) 2 2m - 1, and since 
p(G) d (k - 1)(2m - 1) + m - 1 it follows that p(G;) = 2m - 1, which proves that 
p(G,) = 3m - 2. By Theorem 2(ii) we therefore have G,j = C2,,-, + Km-,, which 
proves that Gi 2 C&-, for each i fj This proves (i) as well as (ii). q 
Corollary 1. Given integers k s 2 and m b 3 there exists a uniquely (k, m)- 
colourable graph of order n if and only if n 2 k(m - 1) + m(k - 1). 
Proof. The necessity of the condition is given by Theorem 3(i). 
To prove the sufficiency we use induction over n. Theorem 1 ensures that the 
induction gets off the ground. Suppose G is a uniquely (k, m)-colourable graph of 
order n. Then a uniquely (k, m)-colourable graph of order n + 1 can be 
constructed by adding a new vertex x to V(G), and joining x to every vertex of G 
except the k-coloured vertices. 0 
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